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I. Introduction

WE apply an analytical solution to the two-dimensional
transonic small-disturbance (TSD) equation developed

by the authors1 to evaluate some numerical methods for
integrating the TSD equation. The analytic solution—actually
a perturbation series in a coordinate similarity parameter near
the leading edge—enables one to distinguish the truncation
error inherent in calculating the TSD flow near its known
singularity from the discrepancy between even a fully con-
verged TSD solution and the solution to the exact isentropic
potential equation (FPE). This discrepancy, in approximately
the first 10% chord, results from the fact that the TSD ap-
proximation, though widely used in practice, is not uniformly
valid for blunt-nosed bodies near the stagnation point. What
has in the past caused some confusion is that the two sources
of error can have opposite effects on the surface pressure
distribution, so that incompletely converged TSD solutions
display an agreement with FPE solutions which we find to be
spurious and which disappears when the mesh is refined.

II. Equations of TSD Theory
The TSD approximation is derived from FPE by perturbing

about uniform flow.2 Normalize velocities by freestream £/£
and lengths by chord c*, and write the potential as
$* = UZ0c*(x+e[<i>(x,y) -Kx] +0(e2)), where thexaxis lies
along an airfoil with symmetric thickness distribution rF(x)
and the origin is at the leading edge. Scale y by r/e where r =
^2p*/c* with p* the nose radius. The upstream flow is at an
angle a* =0(r) to the x axis. In TSD theory, M^ ~ /, A/i -
l = 0(T2/>), and e= [r2/G(M(X)YA where G(M<x)-^l+y as
A/oo^/ and y is the ratio of specific heats. The transonic
similarity parameter K= [ ( M ^ - 1 ) / r G ( M 0 0 ) ] 1 / > . The TSD
equation is:

(1)
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with boundary conditions:

<t>v(x,0±) = ±F'(x) 0<x<l (2a)

<t>(x,0+) =<t>(x,0~ ),<t>y(x,0+)=<t>v(x,0-) x<0 (2b)

<t>(x,0+)-<i>(x,0-)=T,<t>v(x,0+)=<t>v(x,0-) x>l (2c)

<t>(x,y)-~Kx+ay Jt2 + v2-oo (2d)

Here F is the circulation and a = ot*/T. The pressure coef-
ficient is:

= -2e[4>x(x,y)-K] (3)

Choices of G(M00) include the classical Spreiter scaling,2

M^; Krupp3 uses (7 4- 1)M3^2 , and Sirovich and Huo4

propose [ (27 + 7) A/2, + 1 ]/2. None of these appreciably
affects the leading-edge behavior.

III. Similarity Solutions Near the Leading Edge
Motivated by the work of Germain5 and Nonweiler,6 we

have developed a coordinate expansion for <t>(x,y) near the
leading edge. The effects of airfoil geometry, departure of
freestream speed from sonic, and angle of attack are treated
as regular perturbations of a symmetric leading term which is
equivalent to Nonweiler's solution for sonic flow about a
parabola.6

Using the similarity parameter f =xy ~n , with n = 6/7,

(4)

where n0 < n l < n2 < . . . and n0 < m0 < m l < . . . . The functions
fj and (sgny)gj are, respectively, symmetric and anti-
symmetric about the x axis. The second series is absent at zero
incidence.

For the leading term, n0 = 4/7, and/0 satisfies

(5)

(6)

The higher order terms satisfy linear equations

or L(mJ)gJ = GJ

where

f')2-fo) df
]-- (7)

and Fj = Lf;,fZ + LglgZ, summed over f and k between 0 and /
such that n( + nk —n0 = ni or m( + mk — n0 = / i / . Similarly,
Gj = Lflg%, where n( + mk—n0 = mj. The exponents and the
boundary conditions on Eq. (6) are determined by Eqs. (2a)
and (2b). In term of/?,-(£) = |f| ('-"i*'" (nifi -nJ//) and q-t
( f ) = If I -V" [(1 - A?, )/,+A7^ (and the same for gy), and an
assumed profile shape



MARCH 1979 TECHNICAL NOTES 297

Table 1 Series solution for a Joukowski airfoil at incidence

Term Exponent

fo 4/1

g0 0.60313
//
81
/2
S2
S3
h
f4

S4
fs
Ss

.07160

.10330
10/7
.46027
.54393
.57177
.57563
.60347
.92874
.96044

f6 2.01844

Coefficient <7(°°)

1 -0.37846
E0 2.2682
Ej -1.6694

E,E0 -2.8185
3/2bj 0.22428

3/2bjE0 0.85993
E3 -1.1925
E] 1.7341

E0E3 -2.8019
E2

tE0 20.102
3/2blE! -0.90432

3/2bjE,E0 -8.4126
E6 2.2679

we find for/,:

. ( - oo )=0 , /?,( + O o ) =/ V ' ^'

and for g :

akbk if A? . - / = A?(
j * * .CO otherwise

. - / ) for some k

(8)

9 (9)

Thus, Eq. (4) is found term by term. The differential
equations were integrated numerically and tabulated in Ref.
1. FromEq. (3),

(10)

The quantities needed to evaluate Eq. (10) for a thin
Joukowski airfoil, F(x) =Vx (1 -3/2*+...) appear in Table
1.

Now, terms of Eq. (4) can arise as eigenfunctions of
L(m)f=Q with homogeneous boundary conditions (8) or (9).
In fact, m0 itself is an eigenvalue, found numerically to be
0.60313. The second antisymmetric eigenvalue is m3 = 1.5439;
the first two symmetric eigenvalues are n , = 1.0716 and
rt6 = 2.0184. These terms enter Eqs. (4) and (10) with un-
determined multiplicative constants (E,, Ej in Table 1),
which, in practice, were evaluated by curve-fitting Eq. (10) to
a numerical solution for Cp. We use the fact that #0 = 0(0:) to
drop terms of order E2

0 in Eq. (10). For the range a < 0.11
which we used, this gave satisfactory results.

IV. Evaluation of Numerical Solutions
We studied Joukowski airfoils with thickness-to-chord

ratios from 0.05 to 0.15, for M^ between 0.7 and 0.9, and a*
between 0 and 1.5 deg. We tested the Spreiter, Krupp, and
Sirovich-Huo scalings. The numerical scheme was a
horizontal-line mixed-flow relaxation scheme of Jameson,
based on Murman and Cole,7 and incorporating the lift
spreading of Klunker and Newman.8 Boundary conditions on
the profile were enforced by means of an artificial row of
mesh points; the nose was placed halfway between mesh
points and the mesh tripled at each refinement. For the in-
cidence case, the airfoil was between mesh rows. Mesh
concentration was controlled by a parameter Q between 0 and
1/2-7T which concentrated points at the leading and trailing
edges and along the airfoil. Typical results for Cp run with 45
and 135 points on the airfoil and 5%, 10%, and 16% of
points in first 5% chord are shown in Fig. 1. The solution is
extremely sensitive to mesh concentration; the effect of in-
creasing the number of points in the nose region is almost the
same as that of refining the entire mesh. With 135 points on

cp

0.6

0.4

0.2

0

-0.2

-0.4

-0.6

-0.8,

THIN JOUKOWSKI AIRFOIL
Moo=0.8a«=0(t/c)=0.l

®Q = 0.06 (7 POINTS ON 1st 5%c)

®Q =0.1175(14 POINTS ON Ist5%c)
, ©Q = 0.1496(21 POINTS ON 1st 5%c)

= 0. 1 496 ( MEDI UM MESH
(7 POINTS ON 1st 5%c)

FPE SOLUTION

cp

0.6

0.4

0.2

0

-0.2

-0.4

-0.6

DR

-

1

\
<

SPsc

THIN JOUKOWSKI AIRFOIL

x FPE SOLUTION

^u X x .SIROVICH-HUO
V*»v5/ SCALING

REITER^> :̂<oî ^
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Fig. 2 Analytical and numerical solutions.

the airfoil and 2 = 0.1496, the solution was considered to be
effectively converged. Comparison with FPE solutions9

clearly indicates that a much more rapid pressure rise occurs
in TSD solutions, with converged solutions apparently
deviating most from the FPE result. This essential difference
is confirmed when the series for Cp, developed in Sec. Ill, is
introduced (Fig. 2). In all cases, least-squares fitting of two
constants E0 and E, (E3 and E6 had no effect) gave an ex-
cellent match with converged solutions; for decreased leading-
edge mesh concentration, the fit was not as good. As the
theory would suggest, E, was independent of a, E0 depended
mainly on a.

Finally, it was possible to fit series Eq. (10) to converged
TSD solutions whether the Spreiter, Krupp, or_Sirovich-Huo
scaling was used (Fig. 1) by suitable choice of E0 and E j . The
rapid pressure rise near the leading edge is a common property
of all these numerical solutions; we conclude that it is a
property of the analytic solution of the TSD equations and
cannot be avoided by a choice of scaling.
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I. Introduction

TWO-DIMENSIONAL laminar incompressible flows have
been studied extensively by several investigators using the

Navier-Stokes equations formulated in terms of vorticity o>
and stream function \j/. This formulation, although
remarkably useful for two-dimensional flows in simply
connected regions, is not easily extendable to three-
dimensional, compressible or turbulent flow applications.
Two of the alternate formulations which are not as severely
handicapped for complex problems are: the velocity-vorticity
formulation, and the velocity-pressure formulation.

In the present study, it is planned to develop a method using
the primitive variables (u,v,p) to solve the Navier-Stokes
equations, with a view to later extending the method to more
involved flow configurations. To carry out this task suc-
cessfully, followed by a complete comparative study of this
solution with the (u,\l/) solution, it is important to choose a
meaningful model flow problem. In his recent article,
Roache1 has underscored this point. An essential feature
desired in the present model problem is that it be a true
Navier-Stokes problem. Therefore, the driven flow in a
square cavity is selected as a model problem (see Fig. 1, Ref.
2).
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Burggraf3 studied the cavity-flow problem with great care
and provided results for Reynolds number, Re, ranging from
zero to 400. Several investigators4"8 have used the cavity
problem as a model problem to test new numerical schemes,
as qualitative experimental data9'10 as well as detailed
numerical results3'5 are available for this problem. The latter
is obtained by numerical schemes accurate to second order or
higher.5

It is recognized that the corner-singularities present in the
cavity-flow configuration cause some numerical difficulties.
However, it is believed that the effect of these singularities is
only local, and the global solution is not affected
significantly. Ideally, it would be desirable to treat these
singularities analytically and determine the numerical solution
such that it matches smoothly with the local analytical
solutions at these singular points. n

II. Formulation of the Problem
Governing Equations

In convective form, the differential equations governing the
cavity-flow problem are:

u{ + uux + v uy = -px+ (11 Re) (ux

(1)

(2)

(3)

Here, the Reynolds number Re is defined as Re=pUL/fji,
with U being the velocity of the moving wall. All velocities
have been made dimensionless with respect to U, pressure
with reference to pU2 , and distances with respect to the width
L of the square cavity.

Unfortunately, the pressure p, which is nested in this
system, does not appear as a dominant variable in any of these
equations. To correctly model the elliptic nature of the flow
problem, the pressure p in the (u,v,p) system may be
determined from a Poisson equation obtained by ap-
propriately forming the divergence of the vector momentum
equation. Thus, the following Poisson equation must replace
the continuity equation.

Poisson Equation for Pressure

where

(4)

d r /-L-<„„,-„«,,)+_, (5)

The derivatives of the local dilation term D = ux + vy ap-
pearing in Eqs. (4) and (5) intentionally have not been set to
zero; the reason for doing this will be explained in the next
section.

Boundary Conditions
The boundary conditions for the cavity-flow problem in the

(u,v,p) system are relatively straightforward (see Fig. 1, Ref.
2). For the momentum equations, the normal velocities are
zero at the nonporous walls, while the tangential velocities
satisfy the condition of zero slip at all walls. For the pressure
equation, the boundary conditions consist of the normal
gradient dp/dn evaluated from the appropriate momentum
equation.


